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A helicity entangled tripartite state is considered in which the degree of entanglement is preserved
in non-inertial frames. It is shown that Quantum Entanglement remains observer independent. As
another measure of quantum correlation, Quantum Discord has been investigated. It is explicitly
shown that acceleration has no effect on the degree of quantum correlation for the bipartite and
tripartite helicity entangled states. Geometric Quantum Discord as a Hilbert-Schmidt distance is
computed for helicity entangled states. It is shown that living in non-inertial frames does not make
any influence on this distance, either. In addition, the analysis has been extended beyond single
mode approximation to show that acceleration does not have any impact on the quantum features
in the limit beyond the single mode. As an interesting result, while the density matrix depends on
the right and left Unruh modes, the Negativity as a measure of Quantum Entanglement remains
constant. Also, Quantum Discord does not change beyond single mode approximation.
I. INTRODUCTION
Quantum correlations are fundamental tools in Quan-
tum Information Theory [1]. They have found practical
applications in recent discoveries in quantum cryptogra-
phy [2, 3], quantum teleportation [4], quantum computer
[5, 6], and quantum dense-coding [7]. Up until 2001, cor-
relations not witnessed by Quantum Entanglement mea-
sures were thought not to be quantum correlations [8].
Henderson and Vedral [9], and Olivier and Zurek [10] in-
troduced a new measure, called Quantum Discord, and
concluded that Quantum Entanglement did not properly
span all non-classical correlations. This measure has been
quantitatively investigated recently [11, 12].
The study of quantum correlations in non-inertial
frames plays an important role in investigating Quan-
tum Information in black holes such as entropy and in-
formation paradox [13, 14]. Adesso et al [15] and Mann
et al [16] showed that entanglement of a scalar field in
a non-inertial frame is affected by increasing accelera-
tion. Alsing and Fuentes showed degradation of Fermi-
Dirac field entanglement[17]. However, the degradation
of entanglement will occur from the perspective of a uni-
formly accelerated observer, which essentially originates
from the fact that the event horizon appears and Unruh
effect results in the loss of information for the non-inertial
observer [18–20]. Moreover, Quantum Discord as a mea-
sure of quantum correlation is degraded in accelerated
frames [21]. A bipartite helicity entangled state has been
studied recently which has demonstrated that Quantum
Entanglement of such a state remains unchanged while
acceleration increases [22]. In this paper, a tripartite
photon helicity entangled is considered where, the first,
second, and third observers, respectively, represent an
inertial observer,one, or two uniformly accelerated ob-
servers. What makes this interesting is the helicity en-
tangled state taking the form of a mixed state, so that
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the corresponding logarithmic negativity as a measure of
Quantum Entanglement remains invariant against the ac-
celeration of the second and third observers. This fact is
completely different from the former entangled states in
which the degradation of entanglement depended on the
acceleration of the observer [20]. Quantum Entanglement
does not include all quantum correlations; therefore, an-
other measure should be computed to realize the accel-
eration dependence of this special correlation. In this
paper, we considered these states and investigated their
Quantum Discord as the difference between the two vari-
ant definitions of mutual information and showed that
this quantum feature is also observer-independent.
All the observations and calculations have so far been
limited to the single mode approximation, where ob-
servers only detect a single frequency mode [23]. But
this approximation does not hold for all states. It is
only appropriate for some special states which form some
wave-packets by imposing fourier transformation [24]. It
is shown that beyond the single-mode approximation,
the Quantum Entanglement would depend on the type
of wave-packets used in accelerated systems [25, 26].
Studying the relativistic quantum information beyond
the single-mode approximation has been a recent topic of
investigation [27, 28]. As another basic result, we show
in this paper that this entangled state preserves its pe-
culiarities in the limit beyond the single mode.
The rest of the paper is organized as follows: Section 2
gives an abstract view of states in an accelerated frame.
In Section 3, Quantum Entanglement is studied and com-
puted for the helicity tripartite entangled state in the
non-inertial frame. Section 4 is devoted to the measure
of quantum correlations. Quantum Discord will be com-
puted for the specific bipartite and tripartite entangled
states to investigate whether it is observer dependent or
not. In Section 5, quantum correlations will be analyzed
beyond the single mode approximation. Here, we realize
that extending the single mode approximation would not
make any difference for the acceleration dependence of
these entangled states. Finally, the results and conclu-
sions are presented in Section 6.
2 
FIG. 1. Rindler space-time. As mentioned in the text, χ, η
are Rindler coordinates and form the hyperbola. The two
regions I, II are casually disconnected. Rob would travel in
either one of these two regions.
II. ACCELERATED FRAMES
In investigating Quantum Entanglement and Quantum
Discord in non-inertial frames, the observers should be on
a hyperbola trajectory. Therefore, we use the Rindler co-
ordinates to define the properties of the observers. These
coordinates form four regions in a flat space-time. Here,
we work with just two regions related to the Minkowski
coordinates as follows
(I)
{
x = e
aχ
a
coshaη
t = e
aχ
a
sinh aη
}
, (II)
{
x = −e
aχ
a
coshaη
t = − eaχ
a
sinh aη
}
.(1)
In this equation, a represents the uniform acceleration
of the non-inertial frame, (x, t) are the Minkowski coordi-
nates while (χ, η) are the Rindler coordinates. (I) is the
first Rindler region, which clearly differs from (II) by its
sign while both are casually disconnected. The different
signs indicate the two different directions in time. Since
no information could flow from one region to another,
we usually trace over one of them [17]. The two other
Rindler regions are given by interchanging sinh by cosh.
The Rindler regions are shown in Fig. 1.
Moreover, the concepts of particle and vacuum in
non-inertial frames would change. Therefore, these are
not basic concepts and therefore are observer-dependent.
This effect, known as the Unruh effect, illustrates the
fact that a vacuum in an inertial frame would make the
non-inertial observer to feel a thermal bath of particles.
In these frames the quantization is not unique and, as
a consequence, the creation and annihilation operators
would be in different forms which are related by the Bo-
golioubov coefficients [30]. Bogolioubov coefficients play
important roles in defining observer dependent concepts.
In this paper, we are interested in investigating some
of the quantum properties of entangled electromagnetic
states. Consider the two observers Alice and Bob who
are going to communicate and transfer information [19],
where it is formal for Alice to be inertial and Bob to be
in the accelerated frame. By this definition, Alice lives
in Minkowski space-time whereas Bob is in the Rindler
space-time. Thus, we will have
|ψ〉 = |A〉 ⊗ |B〉, (2)
where, |A〉 is formed for Alice and |B〉 for Bob in the
accelerated frame. For Bob, the vacuum state in the
Minkowski space-time could be defined as [19]
|0〉M = (1− e−2piω) 12
∞∑
n=0
e−npiω|n〉I |n〉II . (3)
In this equation, we have assumed that the quantum
states are bosonic. Acceleration in ω is designated by E
a
where a denotes Bob’s acceleration and E is the energy
which Bob detects. The other coefficients owe their pres-
ence to normalization and to the fact that D|0〉M = 0,
where D is the Minkowski annihilation operator which
could be written in terms of creation and annihilation
operators in Rindler ones:
D =
1√
2 sinhω
(e−piωaI − epiωa†II), (4)
aI(II), a†I(II) are the first or the second Rindler annihi-
lation and creation operators, respectively. For our pur-
poses, the first excited state, |1〉M , is also needed which
could be easily derived by including D† on the vacuum
state in Eq. (3)
D†|0〉M = |1〉M (5)
= (1− e−2piω)
∞∑
n=0
e−2npiω
√
(n+ 1)|(n+ 1)〉I |n〉II .
In addition, since features of the helicity entangled states
are to be investigated, they need to be introduced in the
forms below [22]:
|0〉Mω,p,s = (1− e−2piω)
1
2
∞∑
n=0
e−npiω|n〉Iω,p,s|n〉IIω,−p,s,
|1〉Mω,p,s = (1− e−2piω)× (6)∑∞
n=0 e
−npiω
√
(n+ 1)|(n+ 1)〉Iω,p,s|n〉IIω,−p,s.
In the above equations, ω indicates the energy impress-
ing the observer, while p and s both show the helicity
of the photon field. Using these definitions, the helicity
entangled quantum properties can now be investigated.
III. QUANTUM ENTANGLEMENT
It has been shown that maximally entangled states
have decrement in their degree of entanglement in non-
inertial frames [17, 19]. Degradation happens when ac-
celeration is increased [20, 31]. With degradation, the in-
formation sent by Alice to other observers would be lost,
3which is not desirable. Therefore, these accelerated sys-
tems are not suitable for transmitting information. An
entangled state which seems to send information without
loss is a helicity entangled state which is like a Werner-
GHZ state with maximal entanglement but entangled in
the helicity part. In defining this state, the helicity state
which is moving with the uniform acceleration should be
defined first. As an example, for a state which has a
particle (photon) and a positive helicity we could have
|1〉M+↑B = (1−e−2piω)
∞∑
n=0
e−npiω
√
(n+ 1)|(n+1)〉I+↑|n〉II−↑,
Other states are defined in a similar fashion. Here, the
subindex +(−) indicates the positive (negative) direc-
tion in momentum and A(B) is the Alice (Bob) observer.
Also, ↑ (↓) shows the spin up (down) of the photon. He-
licity is defined as the multiple of spins and momentums
of photon.
One measure of Quantum Entanglement (QE) is Neg-
ativity used to determine how far away two states are
from separable states [32]. If it is equal to 1, then the
state is maximally entangled; when it goes to zero, the
state is separable; otherwise, it is partially entangled.
In order to study the negativity, we need first to calcu-
late the partial transpose of the density matrix which is
constructed from the state given [33]. Peres presented
a theorem which gives a necessary condition for separa-
bility. This theorem states that when the eigenvalues of
the partial transpose of the Alice-Bob density matrix are
positive, ρPTAB ≥ 0, then AB is separable [34]. As al-
ready mentioned, it is just a necessary condition and it
does not guarantee the separability in systems other than
the bipartite ones. If the above condition is satisfied, we
could calculate the negativity defined as the sum of the
negative eigenvalues of ρPTAB [32],
N = log2
∑
i
| λi |, (7)
in which a logarithmic negativity is introduced which
is commonly used in bipartite systems. Also, we have
summed over the absolute values of the eigenvalues, | λi |.
Other definitions exist for negativity which could be used
for systems greater than bipartite ones [35]
N = ‖ρPT ‖ − 1, (8)
where, ρPT is the partial transpose of the density matrix
in one of the subsystems of the multipartite system and
‖O‖ denotes the trace norm of O , Tr[
√
O†O].
In order to investigate the frame dependence of QE for
a general state, we study negativity of a tripartite system
in which they are in a non-inertial frame and entangled
in the helicity part. Thus, the state we would like to
study is as follows
|ψ〉 = 1√
2
(|1〉M+↑A|1〉M−↓B|1〉M−↓C + |1〉M+↓A|1〉M−↑B|1〉M−↑C).
(9)
This state is similar to the Werner-GHZ one investigated
in the reference [20], although both are maximally en-
tangled; the difference, however, lies in their types of
entanglement. In a tripartite system, we have three sub-
systems; namely, Alice is an inertial observer, Bob or
Charlie, or both are the non-inertial observers. In tri-
partite systems, there are two entanglement measures:
three-tangle and π-tangle [36]. The former is not of inter-
est in this paper (simply because it cannot be computed
analytically [37]). The latter, however, which is adapted
as the quantification of entanglement in tripartite sys-
tems will be investigated here. The π-tangle is defined
as the average of πA, πB , and πC ; that is:
π =
1
3
(πA + πB + πC). (10)
Here, πA is defined as
πA = N 2A(BC) −N 2AB −N 2AC , (11)
πB and πC are interpreted as the permutation of A,
B, and C. NAB is the negativity measure of the mixed
state which is ρAB = TrC(|ψ〉ABC〈ψ|) and NA(BC) is the
one-tangle measure of negativity which is computed via
Eq.(8). As will be shown in the following equations, this
measure is computed when the density matrix is trans-
posed in the inertial observer. This would define the
entanglement between the inertial observer and the two
accelerated ones.
For a system in which A is inertial , B and C are non-
inertial and when we have traced over the second Rindler
region, the density matrix will be of the following form
ρABICI = TrBII ,CII (ρABC) =
(1− e−2piωB )2
2
(1− e−2piωC )2 × (12)∑∞
n,m=0 e
−2npiωBe−2mpiωC (n+ 1)(m+ 1)
× (|1〉+↑A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↓C
+ |1〉+↑A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↑C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↓C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↑C).
4Here, subindex I means that we have traced over the
second Rindler region in B and C. Also, ωB(ωC) shows
the B (C) acceleration frame. The partial transpose of
this density matrix on the first observer, Alice, would
take the following form
ρPTA(BICI) =
(1− e−2piωB)2
2
(1− e−2piωC )2 (13)∑∞
n,m=0 e
−2npiωBe−2mpiωC (n+ 1)(m+ 1)
× (|1〉+↑A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↓C
+ |1〉+↓A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↑A〈n+ 1|−↑B〈m+ 1|−↑C
+ |1〉+↑A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↓B〈m+ 1|−↓C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↑C).
According to the definition presented in Eq.(8),
NA(BICI), i.e. negativity, will be as follows:
NA(BICI) = (1−e
−2piωB )2
2 (1 − e−2piωC )2 (14)
×
(∑∞
n,m=0 e
−2npiωBe−2mpiωC4(n+ 1)(m+ 1)
)
− 1 = 1.
As already mentioned above, ρABI is derived by tracing
over the third subsystem C
ρABI = TrC(ρA(BICI)) =
(1− e−2piωB )2
2
∞∑
n=0
e−2npiωB
× (n+ 1)(|1〉+↑A|n+ 1〉−↓B〈1|+↑A〈n+ 1|−↓B
+ |1〉+↓A|n+ 1〉−↑B〈1|+↓A〈n+ 1|−↑B). (15)
Based on |1〉+↑A|n+1〉−↑B, |1〉+↑A|n+1〉−↓B, |1〉+↓A|n+
1〉−↑B, |1〉+↓A|n+1〉−↓B, the matrix form of the density
matrix ρABI will be in the following form:
ρABI =
(1− e−2piωB )2
2
∞∑
n=0
e−2npiωB (n+1)


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0


(16)
Clearly, this density matrix is in a diagonal form; there-
fore, by getting a partial transpose on either the A or
B part, it will not change and its eigenvalues will still
be positive. Thus, as also mentioned in the Peres theo-
rem, such a density matrix should not make an entangled
state. Therefore, we will have NABI = 0. ρACI could
be derived in a similar manner and, as a consequence,
NACI = 0. Therefore, from Eq. (11), we will have
πA = 1.
πB could be shown to be equal to πC which is itself equal
to 1. Now, we could derive π-tangle via Eq.(10) as fol-
lows:
π =
1
3
(N 2A(BC) +N 2B(AC) +N 2C(AB)) = 1. (17)
It is evident that the tripartite system has preserved its
degree of entanglement in a non-inertial frame. This par-
ticular helicity entangled state seems to have some other
interesting consequences which are to be investigated in
the next section.
IV. QUANTUM DISCORD
QE introduced in the previous section is an evidence
of quantum correlations, but it does not guarantee to
include all quantum correlations. Although separable
quantum states form a kind of quantum correlation, they
are not included in QE measures. Quantum Discord
(QD) is a more general evidence first presented by Olivier
and Zurek [10]. This quantity defines the degree of quan-
tum correlations and is defined as the difference between
two expressions of mutual information in quantum while
they are considered to be identical in classical terms [38].
In classical information theory, mutual information is the
correlation between random variables and takes the fol-
lowing form for a bipartite system [10]
J (X ,Y) = H(X )−H(X|Y), (18)
where, H is the Shanon entropy and is given by H =
−∑P(X = x) logP(X = x). Here, P(X ) is the proba-
bility distribution for the random variable X to have the
x-value. H(X|Y) is the conditional entropy and may be
written as:
H(X ,Y)−H(Y), (19)
where, H(X ,Y) is the joint entropy; i.e., both X and
Y occurring. Another expression for mutual information
could be written in the following form[33]
I(X ;Y) = H(X ) +H(Y)−H(X ,Y). (20)
It is evident that the two Eqs.(18) and (20) are equivalent
in classical theory but they will behave differently when
they are extended into the quantum systems. The differ-
ence would lie in the term QD. In the quantum version,
H would explain the Von-Neumann entropy S which is
defined in terms of density matrix as
S = −TrXρX log2 ρX . (21)
Thus, for a bipartite system, Eq.(20) would take the form
below:
I(X ;Y) = S(X ) + S(Y) − S(X ,Y) (22)
= −Tr(ρX log2 ρX )− Tr(ρY log2 ρY)
+ Tr(ρXY log2 ρXY).
5In addition, Eq. (18) would also change in the quantum
system. Since the conditional entropy requires the state
of X to be in a given state of A, we need an optimized
measurement approach [33]. This will be achieved by
introducing some projection operators. Applying the op-
timized measurement approach would change Eq. (18)
into the following form [21, 39]
J (X ;A) = S(X ) −minpii [S(ρX|piAi )]. (23)
Evidently, the new expression for J differs from the for-
mer in their second term. This term is the optimized
measurement of state X corresponding to πAi . The state
is given as [40]
ρX|piAi
=
1
Pi
πAi ρX ,Aπ
A
i , (24)
where, Pi is equal to TrX ,A(π
A
i ρX ,A). It is the probabil-
ity for each measurement to have a given value. In the
forthcoming subsection, we will present an explicit ex-
pression for QD in a bipartite system and will compute
it for a particular case.
IV.1. Quantum Discord for a bipartite helicity
entangled state
In the previous section, we investigated Quantum En-
tanglement for an entangled state. It was shown that
this particular state does not behave as a usual entangled
state does when it is observed in an accelerated frame.
Similar to QE, QD is degraded by increasing accelera-
tion [21]. Here, we would like to determine whether this
specific case has similar features in QD. A density ma-
trix which is commonly used for computing QD for a
two-state system is as follows [33]
ρ = (
1 − p
4
)I + p|ψ〉〈ψ|. (25)
In this density matrix, I is the identity and p is the prob-
ability given for finding a state in one of the states |0〉 or
|1〉. The probability is, therefore, bounded, 0 ≤ p ≤ 1.
When p = 1, ρ is a pure state and when p = 0, it is the
identity. Using the following bipartite entangled state
|ψ〉 = 1√
2
(|1〉M+↑A|1〉M−↓B + |1〉M+↓A|1〉M−↑B), (26)
we can determine QD for a helicity entangled state. By
putting the state given in Eq.(26) into Eq.(25) and by
tracing over the second Rindler region for the Bob ob-
server, we will clearly have the following density matrix
ρABI = (1− e−2piω)2
∞∑
n=0
e−2npiω(n+ 1)× (27)
(
1− p
4
(|1〉+↑A|n+ 1〉−↑B〈1|+↑A〈n+ 1|−↑B
+ |1〉+↓A|n+ 1〉−↓B〈1|+↓A〈n+ 1|−↓B)
+
1 + p
4
(|1〉+↑A|n+ 1〉−↓B〈1|+↑A〈n+ 1|−↓B
+ |1〉+↓A|n+ 1〉−↑B〈1|+↓A〈n+ 1|−↑B)
+
p
2
(|1〉+↑A|n+ 1〉−↓B|1〈+↓A〈n+ 1|−↑B
+ |1〉+↓A|n+ 1〉−↑B〈1|+↑A〈n+ 1|−↓B)).
Based on |1〉+↑A|n+1〉−↑B, |1〉+↑A|n+1〉−↓B, |1〉+↓A|n+
1〉−↑B, |1〉+↓A|n+ 1〉−↓B, ρABI could be written in the
matrix form as follows:
ρABI = (1− e−2piω)2
∞∑
n=0
e−2npiω(n+ 1) (28)
×


1−p
4 0 0 0
0 1+p4
p
2 0
0 p2
1+p
4 0
0 0 0 1−p4


which is an X-shaped symmetric density matrix with real
matrix elements, the difference lying in ρ14 = ρ41 = 0.
It is now possible to express QD more quantitatively. As
mentioned before, QD, i.e. the difference between two
mutual information pieces, takes the form below [10]:
D(A : B) = I(A : B)− J (A : B) (29)
= S(A) + S(B)− S(A,B) − S(A)
+ min{piAi }S(A|B).
S(A), S(B), and S(A,B) have been already explained
above. The last term is the optimized, measured condi-
tional entropy [10, 33]. This quantity has been presented
for two qubit states in [40]. For a real symmetric X-state,
S(A|B) over all projection operators is written as [39]:
Spii(A|B) = p0S(ρA|0) + p1S(ρA|1). (30)
In two qubit X-states, we only have two p-probabilities,
p0 and p1. Probabilities are related to each other by
p0 = 1− p1 = (ρ22 + ρ44)l + (ρ11 + ρ33)k. (31)
It should also be noticed that ρnm = 〈n|ρ|m〉. In addi-
tion, we have
S(ρA|j) = −
∑
±
λ±(ρA|j) log2 λ±(ρA|j), (32)
where, λ±(ρA|j) could be expressed as
1
2 (1± θj), and θjs
are
θ0 =
1
p0
√
((ρ11 − ρ33)k + (ρ22 − ρ44)l)2 + β (33)
θ1 =
1
p1
√
((ρ11 − ρ33)l + (ρ22 − ρ44)k)2 + β,
6and β = 4kl(ρ14 + ρ23)
2 − 16µρ14ρ23. It is shown in [39]
that the minimum value occurs when k = l = 12 , µ = 0
or k = 1 − l = 0, 1 . According to the above equations,
QD could be computed for any two qubit states
D(A|B) = S(B) − S(A,B) +minpii[S(A|B)] (34)
For the specific state defined in Eq. (26),
S(B) = −
∑
λρB log2 λρB ,
where ρB = TrA(ρABI ) =
1
2I, which is a multiple of
identity. Thus, S(B) = 1. S(A,B) is defined in terms of
the eigenvalues of ρABI . The eigenvalues are given by
λ1 = λ2 = λ3 = (1− e−2piω)2
∞∑
n=0
e−2npiω(n+ 1)
1− p
4
,
λ4 = (1− e−2piω)2
∞∑
n=0
e−2npiω(n+ 1)
1 + 3p
4
.
Therefore, S(A,B) is in the following form
S(A,B) = −Tr (ρAB log2 ρAB) (35)
= −3(1− p
4
) log2(
1− p
4
)− (1 + 3p
4
) log2(
1 + 3p
4
).
The last term which quantifies the QD could be com-
puted from Eq. (32). For the particular state given in
Eq. (26), λ± =
1
2 (1 ± p2 ). Therefore, via Eq. (33), QD
takes the following form
D(A|B) = 1 + 3(1− p
4
) log2(
1− p
4
) + (
1 + 3p
4
) log2(
1 + 3p
4
)
− 1
2
(1 +
p
2
) log2
1
2
(1 +
p
2
)− 1
2
(1− p
2
) log2
1
2
(1 − p
2
)
=
1
4
log2
(1 + 3p)1+3p(1− p)1−p
(1 + p)2(1+p)
. (36)
Clearly, the quantity acceleration dependence disappears.
We expect QD to be degraded by increasing acceleration
whereas the above term does not depend on acceleration.
Fig. 2 illustrates how QD depends on the p-parameter
and is independent of acceleration. We could also study
negativity for this density matrix using the same method
introduced in Section II. The result is shown in Fig. 3. It
is observed that negativity for such a helicity entangled
state is independent of acceleration, as it was in previous
cases. It is interesting to note in Fig. 3 that if p ≥ 13 ,
then an entangled state results.
IV.2. Global Quantum Discord
It is now desirable to extend the previous expression
for QD to multipartite systems. For any arbitrary mul-
tipartite state, there is a global definition of QD which
holds for any set of projection measurements {πi} [41]:
D(ρA1 ...ρAN ) = min[S(ρA1...AN ||φ(ρA1...AN ))] (37)
−
N∑
j=1
S(ρAj ||φ(ρAj )),
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FIG. 2. Quantum Discord for a bipartite system versus p
explicitly shows only p-dependence.
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FIG. 3. Negativity versus p. For p ≥ 1
3
, the state is entangled.
No observer (acceleration) dependence is seen.
where, S(ρ||φ(ρ)) = S(ρ)−S(φ(ρ)) is the relative entropy
[33], φj(ρAj ) is equal to
∑
i π
i
Aj
ρAjπ
i
Aj
and ρAj s are the
density matrices for the different parts. Also, φ(ρ) could
be found as
∑
k πkρA1...ANπk with πk = π
j1
A1
⊗ ...⊗ πjNAN ,
which is a set of projection measurements made. This
Global definition of QD satisfies the features of QD as
stated in [41]. In addition to the generalization made for
QD, we would like to extend the density matrix given in
Subsection IV.1 Eq.(25) to more than a bipartite state.
For a multipartite system, the density matrix Eq.(25)
would be extended as follows
ρ =
1− p
2N
I + p|ψ〉〈ψ|. (38)
In the above expression, I is a 2N identity matrix and
p is the probability as defined before. When p 6= 0, 1,
Eq.(36) provides a fully correlated state. It seems that
the approach to be used here is different from the one
used in the last subsection, but one could do the same
calculations for N = 2 to obtain similar results.
Let us now illustrate the global definition of QD with
7an example. The simplest example for a system higher
than the bipartite one is a tripartite system, the density
matrix for which is as follows:
ρABC =
1− p
8
I + p|ψ〉〈ψ|. (39)
Here, |ψ〉 is exactly the state introduced in Eq.(9). There-
fore, by tracing over the second regions, the density ma-
trix would be of the following form
ρABICI =
(1 − e−2piωB)2
2
(1− e−2piωC )2 (40)
∑∞
n,m=0 e
−2npiωBe−2mpiωC (n+ 1)(m+ 1)((
1− p
8
)×
( |1〉+↑A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↑A〈n+ 1|−↑B〈m+ 1|−↑C
+ |1〉+↑A|n+ 1〉−↑B|m+ 1〉−↓C〈1|+↑A〈n+ 1|−↑B〈m+ 1|−↓C
+ |1〉+↑A|n+ 1〉−↓B|m+ 1〉−↑C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↑C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↓C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↓C
+ |1〉+↓A|n+ 1〉−↓B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↓B〈m+ 1|−↑C
+ |1〉+↓A|n+ 1〉−↓B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↓B〈m+ 1|−↓C)
+ (1+3p8 ) (|1〉+↑A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↓C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↑C)
+ p2 (|1〉+↑A|n+ 1〉−↓B|m+ 1〉−↓C〈1|+↓A〈n+ 1|−↑B〈m+ 1|−↑C
+ |1〉+↓A|n+ 1〉−↑B|m+ 1〉−↑C〈1|+↑A〈n+ 1|−↓B〈m+ 1|−↓C)).
Prior to the computation process, the measurements need
to be defined first. If rotations are considered as projec-
tion operators, then in the directions of the basis vectors
of A,B, and C they may be defined as
|+〉j = cos(θj
2
)| ↑〉j + eıφj sin(θj
2
)| ↓〉j , (41)
|−〉j = −e−ıφj sin(θj
2
)| ↑〉j + cos(θj
2
)| ↓〉j ,
where j = A,B,C. It should be noted that θjǫ [0, π),
φjǫ [0, 2π) and the projection operators are found to be
πAj = |±〉〈±| . Using the global definition, Eq.(37), and
inserting N = 3, we get the following equation for QD in
tripartite states
D(ρABC) = min[S(ρ||φ(ρ)) − S(ρA||φA(ρA)) (42)
− S(ρB ||φB(ρB))− S(ρC ||φC(ρC))].
For this specific tripartite state, we have:
φ(ρABC) =
∑
k=±
πkρABCπk,
πk = πA ⊗ πB ⊗ πc.
By tracing over the two subsystems B and C, ρA is sim-
ply derived. Since ρA is somehow a multiple of identity,
therefore, S(ρ||φ(ρ)) = 0. Similar expressions hold for
ρA and ρc. Hence, we could simply have
D(ρABC) = minθj,φj [S(ρ||φ(ρ))] . (43)
S(ρ) and S(φ(ρ)) are known by their eigenvalues as
−Tr(ρ log2 ρ); hence, they should be identified. As there
are many parameters to be defined, we should like to
make it simpler by considering the two cases of θ1 = 0
and φj = 0 [41]. The first term in ρABC , Eq.(39), is a
multiple of identity. It will, therefore, suffice to minimize
the second part of the density matrix
D(θ2, θ3) = min[−
∑
j
λj logλj ], (44)
where, λjs are the eigenvalues of S(ρ||φ(ρ)) [41]
λ1 = λ8 =
1
2
cos2(
θ2
2
) cos2(
θ3
2
), (45)
λ2 = λ7 =
1
2
cos2(
θ2
2
) sin2(
θ3
2
),
λ3 = λ6 =
1
2
sin2(
θ2
2
) cos2(
θ3
2
),
λ4 = λ5 =
1
2
sin2(
θ2
2
) sin2(
θ3
2
).
It is clearly seen that minimization occurs when θ2 =
θ3 = 0. Now, the Expression for QD will take the follow-
80.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
p
Qu
an
tum
D
isc
or
d
FIG. 4. Quantum Discord for a tripartite system versus p.
Acceleration has no influence and this Figure exhibits a milder
curvature than Fig. 2.
ing form
D(ρABC) = [S(ρ||φ(ρ))]θj=φj=0 (46)
= 7(
1− p
8
) log2(
1 − p
8
) + (
1 + 7p
8
) log2(
1 + 7p
8
)
− 6(1− p
8
) log2(
1 − p
8
)− 2(1 + 3p
8
) log2(
1 + 3p
8
)
=
1
8
log2
(1 + 7p)1+7p(1− p)1−p
(1 + 3p)2(1+3p)
.
Evidently, no effect of acceleration can be observed in
this expression. The result is the same as that with the
bipartite one: i.e., simply a function of p. This depen-
dence on p is depicted in Fig. 4. Compared with the
bipartite model (Fig. 2), it is seen that both figures are
parabola but it is more curved in the bipartite system
than it is in the tripartite one. Thus, we have shown
another interesting feature of the particular helicity en-
tangled state, which contradicts the degradation of QD
in a non-inertial frame. In the next subsection, we would
like to investigate another feature of this system which
has come to be known as Geometric Quantum Discord.
IV.3. Geometric Quantum Discord
In studying Quantum information of the particular
state introduced in this paper, we would like to investi-
gate Geometric Quantum Discord as an alternative def-
inition of quantum correlation. It is defined as the dis-
tance between the state being studied and the one with
zero QD. This is known as the Hilbert-Schmidt distance
[42]. In fact, Geometric QD is the square norm of the
Hilbert-Schmidt distance; hence, it is called a 2-norm dis-
tance. Geometric QD could be quantitatively expressed
as
DG(ρ) = min||ρ− ρ′||. (47)
where, min is obtained over the measurements made.
||ρ− ρ′|| = Tr((ρ− ρ′)2) is the squared Hilbert-Schmidt
norm. ρ′ is the state with zero QD. This is the state in
which the projective measurements πi have been made
on some subsystems. This could be explicitly stated in
the bipartite state as follows
ρ′ =
∑
i
(πi ⊗ 1)ρ(πi ⊗ 1), (48)
Finally, DG(ρ) = minpii||ρ− ρ′|| = minpiiTr((ρ− ρ′)2).
It has been shown that Geometric QD is degraded
in non-inertial frames [43]. Although the measure in-
troduced here and the one introduced in the previous
subsection are seemingly similar, they have certain ba-
sic differences. The latter goes to zero in the infinite
limit acceleration [43] and its maximum value tends to
0.5 rather than 1. We would like to investigate this fea-
ture in the density matrix given in this paper. Just sim-
ilar to the case of QD, we would need to identify the
projective measures. The measurements which are to be
made effectively over a single qubit system are [43]
π± =
1
2
(I ± ~x.~σ). (49)
where, I is the identity, ~x = (x1, x2, x3) is a unit vector ,
x21 + x
2
2 + x
2
3 = 1, and ~σ = (σ1, σ2, σ3), and σs are pauli
matrices. It has been clearly shown that minimization
occurs when x1 = x2 = 0, x3 = 1 [44]. Accordingly, ρ
′
for a bipartite system will take the following form:
ρ′ =
∑
i=±
(πi ⊗ 1)ρ(πi ⊗ 1) (50)
= (1− e−2piω)2
∞∑
n=0
e−2npiω(n+ 1)×
(
1− p
4
(|1〉+↑A|n+ 1〉−↑B〈1|+↑A〈n+ 1|−↑B
+ |1〉+↓A|n+ 1〉−↓B〈1|+↓A〈n+ 1|−↓B)
+
1 + p
4
(|1〉+↑A|n+ 1〉−↓B〈1|+↑A〈n+ 1|−↓B
+ |1〉+↓A|n+ 1〉−↑B〈1|+↓A〈n+ 1|−↑B)),
Using the basis |1〉+↑A|n + 1〉−↑B, |1〉+↑A|n +
1〉−↓B, |1〉+↓A|n+1〉−↑B, |1〉+↓A|n+1〉−↓B, (50) could
be rewritten as follows
ρ′ = (1− e−2piω)2
∞∑
n=0
e−2npiω × (51)
(n+ 1)


1−p
4 0 0 0
0 1+p4 0 0
0 0 1+p4 0
0 0 0 1−p4

 ,
which is the diagonal form of ρ. Now, Geometric QD,
which is the trace norm of the difference between ρ′ in
Eq. (51) and ρ from Eq. (27), is computed as in Eq. (52)
below
DG = p
2
2
. (52)
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FIG. 5. Geometric Quantum Discord versus p. No depen-
dence of acceleration is observed and it reaches its maximum
value when p = 1.
Geometric QD is depicted versus p in Fig. 5 . Again,
no effect of acceleration is seen and, as a consequence, it
does not make any difference in the infinite acceleration
limit. Also, its maximum value goes to 0.5 when p = 1.
This could also be generalized to systems higher than the
bipartite one. For a general multipartite state, the global
definition for Geometric QD is [45]
DG = min{pia}[Tr(ρ2)− Tr(ρ′2)]. (53)
As an extension, we could find ρ′ as a state with zero
QD. It is very interesting to see that ρ′ in this case is
the diagonal form of ρ, too. Geometric QD would have
the same expression as Eq.(52). Again, acceleration
does not have any effect and the same properties hold as
those for the bipartite case when p = 1.
In addition, the Geometric QD as defined here has
been shown to run into some difficulties under local oper-
ations upon the unmeasured subsystems [46]. A different
definition is, therefore, introduced as the Geometric
QD 1-norm which is the only possible p-norm. This is
known as Schatten 1-norm and is able to consistently
quantify non-classical correlations [47]. It is defined as
DG = minTr[ρ − ρ′], where ρ, ρ′ are identified before.
This is not in the interest of this paper but it could be
calculated and for the specific case used here is equal to p.
V. BEYOND SINGLE MODE ANALYSIS
Up until now, the results given are in the limit of the
single mode approximation. It is interesting to study
whether or not the entangled state introduced here pre-
serves its specific features beyond the single mode ap-
proximation. Generally, the single mode approximation
is not valid for all states. It only holds for some wave-
packets related to the Minkowski ones if fourier trans-
forms are imposed. In this analysis, the entangled state
is quantified between a Minkowski and a Unruh mode
instead of the Rindler mode. This special mode is de-
fined by its special base and could be written as a linear
combination of the Rindler bases as follows[48]
uΩ,R = cosh(rΩ)uΩ,I + sinh(rΩ)u
∗
Ω,II ,
uΩ,L = cosh(rΩ)uΩ,II + sinh(rΩ)u
∗
Ω,I . (54)
In this equation, uΩ,R(L)’s are the Unruh right (left) bases
and uΩ,I(II)’s are the first (second) Rindler bases, also
tanh(rΩ) = exp(−πΩ). Their corresponding creation
and annihilation operator could be performed in a similar
manner. Since the transformations between Minkowski
and Unruh modes do not mix, they could have the same
vacuum state [24]
|0M 〉 = |0Ω〉 =
∏
Ω
|0Ω〉U ,
|0Ω〉U =
∑
n
tanh(rΩ)
n
cosh(rΩ)
|nΩ〉I |nΩ〉II . (55)
The other number states could be formed by implying
the creation Unruh operator on the vacuum state [24]
a
†
Ω,U |0Ω〉U =
∞∑
n=0
tanh(rΩ)
n
cosh(rΩ)
√
n+ 1
cosh(rΩ)
|φnΩ〉, (56)
|φnΩ〉 = qL|nΩ〉I |n+ 1Ω〉II + qR|n+ 1Ω〉I |nΩ〉II .
where, |qR|2+ |qL|2 = 1. The special case qR = 1, qL = 0
indicates the single mode approximation. Clearly, this
special choice breaks the symmetry between right and
left wedges. For the bipartite entangled state considered
in this paper Eq.(26), we need to define the state |1Ω〉+↑U
along the following lines:
|1Ω〉+↑U = (1 − e−2piΩ)
∑∞
n=0 e
−2npiΩ
√
(n+ 1) (57)
(qL|nΩ〉I+↑|(n+ 1)Ω〉II−↑ + qR|(n+ 1)Ω〉I+↑|nΩ〉II−↑).
As mentioned above, the density matrix should be com-
puted for quantifying QE. By tracing over the second
region, the result would be obtained as the Alice-Bob
density matrix; namely,
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ρAB=
1
2
(1 − e−2piΩ)2
∞∑
n=0
e−2npiΩ(n+ 1)× (58)
( |qL|2(|1〉+↑A|n〉−↓B〈1|+↑A〈n|−↓B + |1〉+↓A|n〉−↓B〈1|+↑A〈n|−↑B
+ |1〉+↑A|n〉−↑B〈1|+↓A〈n|−↓B + |1〉+↓A|n〉−↑B〈1|+↓A〈n|−↑B)
+ (|qR|2(|1〉+↑A|n+ 1〉−↓B〈1|+↑A〈n+ 1|−↓B + |1〉+↓A|n+ 1〉−↓B〈1|+↑A〈n+ 1|−↑B
+ |1〉+↑A|n+ 1〉−↑B〈1|+↓A〈n+ 1|−↓B + |1〉+↓A|n+ 1〉−↑B〈1|+↓A〈n+ 1|−↑B)).
In the process of studying Negativity, the partial trans-
pose of the density matrix given in Eq. (58) should be
taken. The related eigenvalues are
1
2 (1 − e−2piΩ)2
∑∞
n=0 e
−2npiΩ{|qR|2, |qR|2, |qR|2,
− |qR|2, |qL|2, |qL|2, |qL|2, −|qL|2} .(59)
Therefore, Negativity is expressed by:
log2
1
2
(1 − e−2piΩ)2
∞∑
n=0
e−2npiΩ(4(|qR|2 + |qL|2)) = 1.
(60)
It is clearly seen that acceleration dependency disap-
pears. Beyond the single mode approximation, we again
find QE to be observer independent. It is interesting
that the dependence of qR and qL also disappeared. By
exchanging qR by qL, the Alice-AntiBob density matrix
could be easily derived. The same result is obtained for
the Alice-AntiBob system. Going further, we would like
to investigate QD beyond the single mode approximation.
The approach adopted for calculating QD was introduced
in Section 4. Defining the density matrix as in Eq.(26),
using Eq.(7) as |ψ〉, and by tracing over the second (first)
region, the density matrix Eq.(25) for Alice-(Anti)Bob is
derived. QD for this special state beyond the single mode
approximation is obtained as follows
D(A;B) =
1 + 3p
4
|qL|2 log2(
1 + 3p
4
|qL|2) + 1− p
4
|qL|2 log2(
1− p
4
|qL|2)
+
1 + 3p
4
|qR|2 log2(
1 + 3p
4
|qR|2) + 1− p
4
|qR|2 log2(
1− p
4
|qR|2)
− 1 + 3p
4
|qL|2 log2(
1 + p
4
|qL|2)− 1− p
4
|qL|2 log2(
1 + p
4
|qL|2)
− 1 + 3p
4
|qR|2 log2(
1 + p
4
|qR|2)− 1− p
4
|qR|2 log2(
1 + p
4
|qR|2). (61)
Here, QD only depends on qR, qL, and p. Using the
expression |qR|2+ |qL|2 = 1, the above equation could be
further simplified to
D(A;B) =
(1− p) log2(1− p)− 2(1 + p) log2(1 + p)
log2 16
+
(1 + 3p) log2(1 + 3p)
log2 16
=
1
4
log2
(1 + 3p)1+3p(1− p)1−p
(1 + p)2(1+p)
. (62)
Therefore, it is independent of different values of qR and
qL. Evidently, it is only p-dependent. If we factorize this
expression, we would exactly have Eq.(36), which is ac-
celeration independent. It is observed that not only does
increment of acceleration have no impact on the Quan-
tum features for this specific helicity entangled state, but
neither does extending our approximation to beyond the
single mode make any difference to the value of Quantum
Discord and Quantum Entanglement. This is another in-
teresting peculiarity of this helicity entangled state which
makes it a specific state in Quantum Information The-
ory. Some other quantum features such as Geometric
Quantum Discord could be computed in this limit. The
tripartite helicity entangled state could also be a good
candidate for investigating QE and QD in the limit be-
yond the single mode approximation.
VI. SUMMARY AND CONCLUSIONS
In summary, we investigated some quantum features
of a specific state which is entangled in the helicity part.
It has been shown that degradation of Quantum Entan-
glement for this special case cancels when acceleration
increases. Here, we extended this feature to multipartite
states. Particularly, we showed that a tripartite entan-
gled state yields the same result and the degree of the
entangled state remains unchanged. Moreover, Quan-
tum Discord as a measure of quantum correlation was
studied for the special bipartite and tripartite systems.
A general definition was given for multipartite systems.
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Using this global definition, QD was computed for a spe-
cific tripartite system. Acceleration was found to have
no effect on this feature, either. Another property in-
vestigated in the present paper was the special distance
which tends toward zero in the infinite acceleration limit.
For the state considered here, however, acceleration was
found to disappear for the Geometric Quantum Discord
2-norm. This last measure was seen to have potential
problems under local operations upon the unmeasured
subsystems [46]. The definition could have been possibly
modified by considering 1-norm of this distance, but it
was not of interest in this paper. These quantum fea-
tures have been studied in the analysis of beyond the
single mode. A basic result which makes this state an
important state is that beyond the single mode approx-
imation, Negativity, as a measure of QE, remains con-
stant in the value of a maximally entangled. Here, we
have also computed QD and noticed that this quantity
which defines the degree of a quantum correlation also
remains unchanged. By computing these quantities, it is
observed that quantum correlations for this helicity en-
tangled state is preserved in non-inertial frames in both
the single and beyond the single mode approximation.
Investigating QE, QD, and Geometric Quantum Discord
for the specific tripartite helicity entangled state which
was introduced here is suggested for further research in
the limit of beyond the single mode approximation.
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